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Motivations

* Previous research & codes, including Roxane
o Interface reconstruction
o Solvers on general polyhedral meshes
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o Interface reconstruction . EEE-

o Solvers on general polyhedral meshes
* Desired features of solvers™
o Accurate treatment for material discontinuity
o Second order accurate 1n space and time
o Correct steady states Ar —

*Da1 & Woodward, numerical simulations for nonlinear heat transfer in systems

of multi-materials, JCP, 1998.
*Dai & Woodward, a second-order iterative implicit-explicit hybrid scheme for

hyperbolic systems of conservation laws, JCP, 1996.



1D Illustration
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1D Illustration — =8 F=-x—-

At
“Simultaneous discretization in space & time”

0 | =
At — A Xl
T" =T +—(F, -F,)+SAt (exact)
Ax
1 Xitl
, T" =— fT(At,x)dx
Notations: Ax 4

n

. at "new" time, 1 = At B
" : time integral / average F; = EfF(t’xi)dt
0



Typical Methods

" =T, +_(Fz _Fm) + giAt
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e FEuler forward method
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Typical Methods
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e FEuler forward method
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e Euler backward method
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Typical Methods
" =T + _(Fz — Fm) + giAt
Ax

e FEuler forward method

K
Fi=F, =T -1,

l l

e Euler backward method

n K n n
FizFi =_E(Ti _Ti-l)

e (Crank-Nicolson method
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Goals

21d order accurate in time
Stable for large time step
Correct steady states for large time step

Correct treatment of discontinuity of materials



Second-order Accuracy in Time
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Second-order Accuracy in Time

At
T =T+ (F' - F.)+S'
Ax

t
F' =F(T"
At 2}
0 ! !
A Al
T' =T+ -2 (F! ~F)+ S
2Ax, 2

1 1 . 2 At/?2
T =— [T(=ALx)dx F'== [F(t,x)dt

Ax, Ax, 2 At 0



e Stable for large time step, correct steady state

Correct Steady States ”
t
0 . X
X xi+1
I =T+ S (F) —FL)+ S ~
Ax I
h :
T' =T, 4o (F) = Fl) + 2 SVA L i |
2Ax, 2 o e gl '
A |
A2 " o E E
F'=— fF(t,xl.)dt " I : E_ =
At = 0 A/4 A2 At
3., 1 . 3., 1
F'==F'-~F/ S'~ 28t -5
2 )



Treatment for discontinuity:
Effective Diffusion Coefficient

JdI r,
F=-k—.
ox L /8
. . K KL KR
If single material F, =-—(T, -T,).
Ax xi—l X; xi+l

If different materials  F = LS (T, -T,).
o Ax

Note: algebraic average cannot be correct.



Material Discontinuity: effective diffusion coefficient

i l
F, = _E(TR -T,) L I B
KL KR
B ZKLKR . xl—l 'xi Xl
K = .
K, +K,
~ K, 1, +K,1,
* T o
K, +K,

*Da1 & Woodward, numerical simulations for nonlinear heat transfer in systems
of multi-materials, JCP, 1998.



Material Discontinuity: effective diffusion coefficient

i <
Fi = —E(TR _TL) T T T
KL KR
B ZKLKR . xl—l xi Xl
K = .
KL +KR
~ K, 1, +K,1,
* T o
KL +KR

K =7 for general polyhedral cells

*Da1 & Woodward, numerical simulations for nonlinear heat transfer in systems
of multi-materials, JCP, 1998.



Difference Equations

T"+aT"' =T, +N!+S/At.

1 3 1 1
~——aT'+(1+=a)T"=T, +=N -—N!+—SAt.
4 4 4 2
K, K.
ai ( i ) [ [+1
(Ax )2 - -

Nt A
I (AX)Z

xKT' +k,,T")

+17 i+




Interface Reconstruction

* Focus on mixing cells on structured AMR mesh
* Three-dimensional
* More than three materials in one cell




Procedure in Interface Reconstruction

* Find gradient of each material in each cell

* Determine gradient of the cell

* Determine the order of materials: p(m) and local order
* Find the interface

g(m)=IVF, I* [f,.

Vf

m

p(m)=n(m)-n(m,).




Reconstruction
Examples




Reconstruction
Examples




Reconstruction
Examples



Diffusion Solvers on General Polyhedral Mesh

M- Fus.

ot

u=pc,T+al".

F = [k (T)VT + o(T)VT*].

* Discontinuity 1in material property
* Second order accurate 1n space and time
* Correct steady state for large time step
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2 V-F+5.
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Integrate Eq. over AV and Az,

1
0l = [uae,pyav.

i AV,

At

] Jsanavar

i 0 AV

5, =

k . all neighbors of cell 1.

L 1At

ik Ato

1
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[ F-da

ik Ay,

dt.




Second-order Accurate in Time

l

At — —
u, =u,———— Y I, A, +S.Ar.
i A‘/lg ik* “ik i

1
Introduce another set of unknowns: u! or 7" (¢ = 5 At).

— 1
Fik = Fik(EAt) = FiZ

W
I

W
-



Correct Steady States

=u—-———>YF'A +=S"At
I ul 2A‘/l 2 ik “ ik I
ik 2 ik 2 ik

n
F ik

At /2
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v



Difference Form

At h h
u, =u, ———— EF A, + S At.
i ﬁV - ik © ik i

' —u—— FlkAlk+lShAt.
2AV. < 2
— 3 1
h h n
Fik zEEk _5 ik



Treatment for material discontinuity
Calculate F, (T, T,). k(T) = k,(T) + 4T 0 (T).
= [k, (VT + o(T)VT"].

F
F’k ~ _kik(Tk - Tz)

l

Ky = ] ] a0 ~ 7 4
(OKG T L OGK
[,l,a,and a, are geometry factors. L.oxT+1.0xT,
_ = = _ == ks =
ai = ni* nik > O’ ak = _nk* nik > O lk*aiKi + ll*akKk



Difference Equations (nonlinear)

N At N
u’ +W( YRIANT! =u, N N (&5 AT + S At

i kEN, i kKEN,

» N
(EKlkAzk)T +M +4 (z lk lk)T

i

4AVZ

3At . )
E( lk ik k) e ATs E(KlkAsz )+ S At

lkEN lkEN



Difference Equations (nonlinear)

0T + AV(EKZkAlk)Th T+ E(KlkAlkTh)+S At.

I kEN, l kEN,;

At R 3At
- (E’ZikAik)Tin U ih K ik zk)Th
4AVi kEN, 4AV1 kEN,
R 3At 1 -
= U, ]; lk lk k ) (KlkAlkT )+ S At
4A‘/l kEN; l k%
=C,, + 4aTi3.

Linearized S = S(T") and S" = S"(T",T").



Implication for Structure AMR

kT +3k,T
T;k* = —— LI fOI‘ 3D (416)
K, + 3K, . Ax L Ax/2
[ e ]
T, = K5ORS o op (4.17) 7,3 K (1))
2Ki + SKk KI(Z) k = 1
4K.
KO = K for3D. (4.19)
K, + 3K,
(¢) _ KKy

Kk for 2D.  (4.20)

K. /445K, /8



Steady States

(D KRAIT" =( D KLAT) + ST AV,
kEN, kEN,



3-T Equations

daT"’ _ F =-oVT* ,
al, — V- F,, + Sr, _»r r r
2 F,=-0,VT,
JT, . .
Pl g ~VoF, =5, +35,, I, =-0,Vl,
oT . S =acpk (T} =T
pc,—t=-V-F -8 . pi, )
" S, = pe, (T, - T)
a: radiation constant.
s Co specific heat capacities.
0.,0,,0;: heat conductivities.
K, : material absorption coefficient.

coeffiecient for interaction.



Nonlinear Difference Equations

4 ~ h h 4 ~ 7 ho. an
a(T*)! +—(EK ANT" = a(TH), +—(E;< AT +5"At ~

3At g At n . n
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(pc )z]-'e’: (Eaezk k)Th (pC i~el +—(E N:llkAzk)T'e};c - At(‘§rrzl - ge’:)

At ~n n 3At n n N N
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ik
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( l p}i (E plk lk) pi 4AV (EapikAik)Tpi = (pcp)iTpi (E pzk lk) pk 4A (2 plk lk)T;k _EAZS:t
ik



Linear Difference Equations

i7ri

At ~h ~h h on
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Numerical examples



Numerical Example

1D temperature after one time step for N=16

T(At)

1000 —

800 —

600 —

400 —

200 —

o e initial
O At=10
At =100
O At =200
+ At =1000000
—— exact steady state

I I I I I I

0.0 0.2 0.4 0.6 0.8 1.0



Numerical Examples

1D temperature after one time step for N =32, 2 mats

T(At)

1000

800 —

600

400 —

200

.......... initial
—— exact steady state
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Numerical Examples

500 —

400 &

300 —

200 — x  effective coefficient
—+— algebraic average
exact solution

100 —

0.0 0.2 0.4 0.6 0.8 1.0



Example for Accuracy

T(t,x) =1+ “sinQ2xx).  (5.1)

n

exact
eITor = E T.(t)-T (t)HAxl.
i=0
107
10?
10°
10°
\ ’g 10"
10
= =
o D 0
o (@)
- o
S w0° 10°
107 10
0 -4
10° L
SSae 22 10" 10° 10? 10"
°" 0001 0.1 IOg(At)

0.01
log(Ax)



Example on polyhedral meshe

temp

1.000e+01




Example for
different time steps




.01 to 100

0
0.

0.1to 10
Olto 2

=
——

if coef

rad dif coef

mat d

Cv

temp

9.160e+00
518e+00

3.728e+00

i Time = 1000

temp
1.010e+01
3.186e+00
Oe-01

Time =10.0




More Example

Time = 0.1000

temp

1.000e+00
3.276e-01
1.073e-01

3.516e-02
1.152e-02




Conclusions

Implemented interface reconstruction on 3D AMR meshes.
Developed diffusion solver on 2D & 3D general polyhedral
meshes.

o Second order accuracy in space and time.

o Correct steady states for large time step.

o Correct treatment of discontinuity on general polyhedral
meshes.

Features demonstrated through numerical examples.



Future Work

* Further complete this work 1n Roxane.

* Develop new linear solver with much less
communication (but with much more
computing).



