
High Order Arbitrary-Lagrangian-Eulerian One-Step
WENO Finite Volume Schemes on Unstructured

Meshes

Walter Boscheri and Michael Dumbser
walter.boscheri@unitn.it

University of Trento
- Department of Civil, Environmental and Mechanical Engineering -

MULTIMAT
03 September 2013 - S. Francisco



Outline

1 Numerical Method
Hyperbolic Balance Laws
High Order WENO Reconstruction on Unstructured Meshes
Local Space-Time CG Predictor on Moving Meshes
Mesh Motion
Solution Algorithm

2 Test problems
The Euler equations
The Kidder Problem
The Saltzman Problem
The ideal MHD equations
The MHD Blast Problem
The MHD Rotor Problem

3 Conclusions and Outlook



1. Numerical Method Hyperbolic Balance Laws

Hyperbolic Balance Laws

∂Q

∂t
+∇ · F(Q) = S(Q), x ∈ Ω ⊂ R2, t ∈ R+

0

where

Q ∈ ΩQ ⊂ Rν → state vector

F = (f, g) → flux tensor

S(Q) → vector of algebraic source terms
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1. Numerical Method Hyperbolic Balance Laws

Hyperbolic Balance Laws

Moving mesh

T n
Ω =

NE⋃
i=1

T n
i

x = Xn
1,i +

(
Xn

2,i − Xn
1,i

)
ξ +

(
Xn

3,i − Xn
1,i

)
η

y = Y n
1,i +

(
Y n

2,i − Y n
1,i

)
ξ +

(
Y n

3,i − Y n
1,i

)
η

T n
i

1

2

3

x

y

ξ = ξ (T n
i , x)

x = x
(
T n
i , ξ

)

TE

ξ

η

1 2

3

τ = 1
∆t (t− tn)

Data representation

Qn
i =

1

|T n
i |

∫

T n
i

Q(x , y , tn)dV
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1. Numerical Method High Order WENO Reconstruction on Unstructured Meshes

High Order Accuracy in Space

Some spatial basis functions ψl(ξ, η) are used to write the reconstructed polynomials ws
h:

ws
h(x , y , tn) =

M∑
l=1

ψl(ξ, η)ŵn,s
l,i := ψl(ξ, η)ŵn,s

l,i

Integral conservation

1

|T n
j |

∫
Tn
j

ψl (ξ, η)ŵn,s
l,i dV = Qn

j , ∀T n
j ∈ S

s
i

Ssi =

ne⋃
j=1

T n
m(j)

M = (M + 1)(M + 2)/2

ne = 2M

WENO polynomials

wh(x , y , tn) =
M∑
l=1

ψl (ξ, η)ŵn
l,i , with ŵn

l,i =
∑
s

ωs ŵn,s
l,i

nonlinear WENO weights

ω̃s =
λs

(σs + ε)r
, ωs =

ω̃s∑
q ω̃q

oscillation indicators

σs =

 ∑
α+β≤M

∫
Te

∂α+βψl (ξ, η)

∂ξα∂ηβ
·
∂α+βψm(ξ, η)

∂ξα∂ηβ
dξdη

 · ŵn,s
l,i

ŵ
n,s
m,i
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1. Numerical Method Local Space-Time CG Predictor on Moving Meshes

High Order Accuracy in Time

x̃ = (x , y , t)
x = (x , y)

ξ̃ = (ξ, η, τ)
ξ = (ξ, η)

θl = θl(ξ̃) = θl(ξ, η, τ)

physical coordinates reference coordinates space–time basis functions

Isoparametric approach

qh = qh(ξ, η, τ) = θl(ξ, η, τ)q̂l,i Sh = Sh(ξ, η, τ) = θl(ξ, η, τ)Ŝl,i

fh = fh(ξ, η, τ) = θl(ξ, η, τ )̂fl,i gh = gh(ξ, η, τ) = θl(ξ, η, τ)ĝl,i

⇓

x(ξ, η, τ) = θl(ξ, η, τ)x̂l,i , y(ξ, η, τ) = θl(ξ, η, τ)ŷl,i , t(ξ, η, τ) = θl(ξ, η, τ)t̂l

Jacobian

Jst =
∂x̃

∂ξ̃
=

 xξ xη xτ
yξ yη yτ
0 0 ∆t

 J−1
st =

∂ξ̃

∂x̃
=

 ξx ξy ξt
ηx ηy ηt
0 0 1

∆t


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1. Numerical Method Local Space-Time CG Predictor on Moving Meshes

High Order Accuracy in Time

Weak formulation of the PDE

∂Q

∂τ
+ ∆t

[
∂Q

∂ξ
ξt +

∂Q

∂η
ηt +

∂f

∂ξ
ξx +

∂f

∂η
ηx +

∂g

∂ξ
ξy +

∂g

∂η
ηy

]
= ∆tS(Q)

Let define

[f , g ]τ =

∫
Te

f (ξ, η, τ)g(ξ, η, τ)dξdη, 〈f , g〉 =

1∫
0

∫
Te

f (ξ, η, τ)g(ξ, η, τ)dξdηdτ
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1. Numerical Method Local Space-Time CG Predictor on Moving Meshes

High Order Accuracy in Time

Weak formulation of the PDE

∂Q

∂τ
+ ∆t

[
∂Q

∂ξ
ξt +

∂Q

∂η
ηt +

∂f

∂ξ
ξx +

∂f

∂η
ηx +

∂g

∂ξ
ξy +

∂g

∂η
ηy

]
= ∆tS(Q)

Let define

[f , g ]τ =

∫
Te

f (ξ, η, τ)g(ξ, η, τ)dξdη, 〈f , g〉 =

1∫
0

∫
Te

f (ξ, η, τ)g(ξ, η, τ)dξdηdτ

Integration over a moving space–time control volume T n
i ×

[
tn, tn+1

]
yields〈

θk ,
∂θl
∂τ

〉
q̂h + ∆t

[〈
θk ,

∂θl
∂ξ

ξt

〉
q̂h +

〈
θk ,

∂θl
∂η

ηt

〉
q̂h

]
+ ∆t

[〈
θk ,

∂θl
∂ξ

ξx

〉
f̂h +

〈
θk ,

∂θl
∂η

ηx

〉
f̂h

]
+ ∆t

[〈
θk ,

∂θl
∂ξ

ξy

〉
ĝh +

〈
θk ,

∂θl
∂η

ηy

〉
ĝh

]
= 〈θk , θl〉 Ŝh
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1. Numerical Method Local Space-Time CG Predictor on Moving Meshes

High Order Accuracy in Time

Kτ q̂l,i + ∆t
(
Kt q̂l,i + Kx f̂l,i + Ky ĝl,i

)
= ∆tMŜl,i

Let define a unified term P as

P := S(Q)− (Qξξt + Qηηt + fξξx + fηηx + gξξy + gηηy )
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1. Numerical Method Local Space-Time CG Predictor on Moving Meshes

High Order Accuracy in Time

Kτ q̂l,i + ∆t
(
Kt q̂l,i + Kx f̂l,i + Ky ĝl,i

)
= ∆tMŜl,i

Let define a unified term P as

P := S(Q)− (Qξξt + Qηηt + fξξx + fηηx + gξξy + gηηy )

⇓

Qτ = ∆tP Ph = Ph(ξ, η, τ) = θl(ξ, η, τ)P̂l,i

⇓

Kτ q̂r+1
l,i = ∆tMP̂r

l,i
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1. Numerical Method Mesh Motion

Evolution of Vertex Coordinates

Local evolution:

dx

dt
= V(Q, x, t), Vh = θl(ξ, τ)V̂l ,i

⇓

K1x̂l ,i = [θk(ξ, 0), x(ξ, tn)]0 + ∆tM V̂l ,i

Global evolution:

x

y

Vk

Tj
→ node solver
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1. Numerical Method Mesh Motion

Node Solvers

1) NScs (Cheng and Shu [3])

V
n
k =

1

Nk

∑
j∈Vk

V
n
k,j with V

n
k,j =

 1∫
0

θl(ξe,m(k), ηe,m(k), τ)dτ

 V̂l,j
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1. Numerical Method Mesh Motion

Node Solvers

2) NSm (Maire [7])

V
n
k = M−1

k

∑
j∈Vk

(Lk,jPjnj + Mp,jVj)

with
Mk,j =

∑
f∈j

Z j
k,f L

j
k,f

(
nj
k,f ⊗ nj

k,f

)
, Mk =

∑
j∈Vk

Mk,j , Z j
k,f = ρjcj
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1. Numerical Method Mesh Motion

Node Solvers

3) NSb (Balsara et al. [1])

V
n
k = V

HLL
k

It resolves the multidimensional Riemann problem in the neighborhood of vertex k.
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1. Numerical Method Mesh Motion

Rezoning

Lagrangian coordinates

xn+1,Lag
k = xnk + V

n
k ·∆t

Rezoned coordinates

Fk(xk) =
∑

j∈Vk

K(Jj), Jj =

(
x jk+1 − x jk x jk−1 − x jk
y jk+1 − y jk y jk−1 − y jk

)
.

xrezk → min {Fk(xk)}
New coordinates (relaxation algorithm 1 )

xn+1
k = xn+1,Lag

k + ωk

(
xrezk − xn+1,Lag

k

)
, ωk = F

(
xnk , x

n+1,Lag
k

)

1Galera et al., JCP 2010
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1. Numerical Method Solution Algorithm

Finite Volume Scheme

The starting PDE system can be rewritten as

∇3D · Q̃ = S(Q)

with

∇̃ =

(
∂

∂x
,
∂

∂y
,
∂

∂t

)T

, Q̃ = (F, Q) = (f, g, Q)

Integration over the space–time control volume C n
i = Ti (t)×

[
tn; tn+1

]
yields

tn+1∫
tn

∫
Ti (t)

∇̃ · Q̃ dxdt =

tn+1∫
tn

∫
Ti (t)

S dxdt

⇓∫
∂Cn

i

Q̃ · ñ dS =

tn+1∫
tn

∫
Ti (t)

S dxdt
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1. Numerical Method Solution Algorithm

Finite Volume Scheme

T n
i

T n+1
i

∂Cn
ij

X̃n
ij,1

X̃n
ij,2

X̃n
ij,3

X̃n
ij,4

x

y

t

χ

τ

0

1

1

∂Cn
ij = x̃ (χ, τ) =

4∑
k=1

βk (χ, τ)X̃n
ij,k

0 ≤ χ ≤ 1, 0 ≤ τ ≤ 1
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1. Numerical Method Solution Algorithm

Finite Volume Scheme

T n
i

T n+1
i

∂Cn
ij

X̃n
ij,1

X̃n
ij,2

X̃n
ij,3

X̃n
ij,4

x

y

t

χ

τ

0

1

1

∂Cn
ij = x̃ (χ, τ) =

4∑
k=1

βk (χ, τ)X̃n
ij,k

0 ≤ χ ≤ 1, 0 ≤ τ ≤ 1

|∂Cn
ij | =

∣∣∣∣ ∂x̃

∂χ
×
∂x̃

∂τ

∣∣∣∣ , ñij =

(
∂x̃

∂χ
×
∂x̃

∂τ

)
/|∂Cn

ij |

ALE–type One–Step Finite Volume Scheme

|T n+1
i |Qn+1

i = |T n
i |Qn

i −
∑

Tj∈Ni

1∫
0

1∫
0

|∂C n
ij |Q̃ij · ñij dχdτ +

tn+1∫
tn

∫
Ti (t)

S(qh) dxdt
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1. Numerical Method Solution Algorithm

Finite Volume Scheme

|T n+1
i |Qn+1

i = |T n
i |Qn

i −
∑

Tj∈Ni

1∫
0

1∫
0

|∂C n
ij |Q̃ij · ñij dχdτ +

tn+1∫
tn

∫
Ti (t)

S(qh) dxdt

Rusanov numerical flux

Q̃ij · ñij =
1

2

(
Q̃(q+

h ) + Q̃(q−h )
)
· ñij −

1

2
smax

(
q+
h − q−h

)

AV
n(Q) = ∂(F · n)/∂Q− (V · n) I

with n =
(ñx , ñy )T√
ñ2
x + ñ2

y

and V · n = − ñt√
ñ2
x + ñ2

y
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1. Numerical Method Solution Algorithm

Finite Volume Scheme

|T n+1
i |Qn+1

i = |T n
i |Qn

i −
∑

Tj∈Ni

1∫
0

1∫
0

|∂C n
ij |Q̃ij · ñij dχdτ +

tn+1∫
tn

∫
Ti (t)

S(qh) dxdt

Osher numerical flux

Q̃ij · ñij =
1

2

(
Q̃(q+

h ) + Q̃(q−h )
)
· ñij −

1

2

 1∫
0

∣∣∣AV
n(Ψ(s))

∣∣∣ ds
(q+

h − q−h
)

Ψ(s) = q−h + s
(
q+
h − q−h

)
, 0 ≤ s ≤ 1
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2. Test problems The Euler equations

The Euler equations

Qt + fx + gy = S(x , y , t)

with

Q =




ρ
ρvx
ρvy
ρE


 , f =




ρvx
ρv2

x + p
ρvxvy

vx(ρE + p)


 , g =




ρvy
ρvyvx
ρv2

y + p
vy (ρE + p)


 .

ρ → fluid density

v = (vx , vy ) → fluid’s velocity vector

S → vector of source term (S = 0)

p → fluid pressure

p = (γ − 1)

(
ρE − 1

2
ρ(v 2

x + v 2
y )

)
↓

equation of state
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2. Test problems The Euler equations

Convergence studies: Shu Vortex

IC: (ρ, vx , vy , p) = (1 + δρ, 1 + δvx , 1 + δvy , 1 + δp)

Ω

x

y

0 10

10

Computational domain

Ω(0) = [0; 10]× [0; 10]

Convective velocity

vc = (1, 1)

Perturbations

[
δvx
δvy

]
=

ε

2π
e

1−r2

2

[
−(y − 5)

(x − 5)

]
δS = 0

δT = − (γ − 1)ε2

8γπ2
e1−r2

Parameters

r 2 = (x − 5)2 + (y − 5)2 radius

ε = 5 vortex strength

γ = 1.4 ratio of specific heat
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2. Test problems The Euler equations

Convergence studies: Shu Vortex

NScs NSm NSb
h(Ω(tf )) εL2

O(L2) εL2
O(L2) εL2

O(L2)

O1
3.73E-01 6.9161E-02 - 6.9535E-02 - 7.0045E-02 -
2.62E-01 5.0030E-02 0.92 5.0715E-02 0.82 5.1427E-02 0.99
1.76E-01 3.4607E-02 0.92 3.5310E-03 0.90 3.5513E-02 0.95
1.36E-01 2.5724E-02 1.14 2.6151E-03 1.11 2.6277E-02 1.07

O2
3.49E-01 4.0451E-02 - 3.9160E-02 - 3.9585E-02 -
2.49E-01 2.6261E-02 1.28 2.5787E-02 1.34 2.5758E-02 1.44
1.69E-01 1.5884E-02 1.29 1.5721E-03 1.24 1.5625E-02 1.24
1.28E-01 1.0355E-02 1.55 1.0300E-03 1.58 1.0258E-02 1.54

O3
3.28E-01 1.6140E-02 - 1.6172E-02 - 1.6206E-02 -
2.51E-01 6.9455E-03 3.16 6.9570E-03 3.10 6.9638E-03 3.15
1.68E-01 2.2904E-03 2.75 2.2913E-03 2.74 2.2925E-03 2.75
1.28E-01 9.2805E-04 3.33 9.2763E-04 3.34 9.2806E-04 3.33

O4
3.29E-01 4.4613E-03 - 4.4636E-03 - 4.4627E-03 -
2.51E-01 1.7186E-03 3.54 1.7189E-03 3.53 1.7188E-03 3.55
1.68E-01 4.2840E-04 3.43 4.2834E-04 3.44 4.2845E-03 3.43
1.28E-01 1.3480E-04 4.27 1.3477E-04 4.27 1.3483E-04 4.27

O5
3.29E-01 4.4850E-03 - 4.4811E-03 - 4.4823E-03 -
2.51E-01 1.2711E-03 4.65 1.2705E-03 4.63 1.2705E-03 4.66
1.68E-01 2.2531E-04 4.28 2.2516E-04 4.28 2.2520E-03 4.27
1.28E-01 5.7869E-05 5.02 5.7821E-05 5.02 5.7838E-04 5.02
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2. Test problems The Kidder Problem

The Kidder Problem

IC:
ρ0 = ρ(r , 0) =

(
r2
e,0 − r2

r2
e,0 − r2

i ,0

ργ−1
i ,0 +

r2 − r2
i ,0

r2
e,0 − r2

e,0

ργ−1
e,0

) 1
γ−1

s0 =
p0

ργ0
= 1

p0(r) = s0ρ0(r)γ

Parameters

re(0) = 1.0 external radius

ri (0) = 0.9 internal radius

γ = 2.0 ratio of specific heat

ρi ,0 = 1.0 initial internal density

ρe,0 = 2.0 initial external density

Walter Boscheri On Lagrangian One–Step Finite Volume Schemes 11 / 21



2. Test problems The Kidder Problem

The Kidder Problem

Analytical Solution [6]

ρ (R(r , t), t) = h(t)−
2

γ−1 ρ0

[
R(r , t)

h(t)

]

ur (R(r , t), t) =
d

dt
h(t)

[
R(r , t)

h(t)

]

p (R(r , t), t) = h(t)− 2γ

γ − 1
p0

[
R(r , t)

h(t)

]

with

h(t) =

√
1− t2

τ 2
, τ =

√
γ − 1

2

(r 2
e,0 − r 2

i,0)

c2
e,0 − c2

i,0

and the internal and external sound speeds ci and ce defined as

ci =

√
γ
pi
ρi
, ce =

√
γ
pe
ρe
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2. Test problems The Kidder Problem

The Kidder Problem

Time

R
a

d
iu

s
­0.05 0 0.05 0.1 0.15 0.2

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05 Ri: exact so

Ri: ALE WE

Re: exact s

Re: ALE WE

x

y

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1 p: 5 10 15 20 25 30 35 40 45 50 55 60

t = t

t = 0

f

NScs NSm NSb

eint 7.72443E-06 7.72460E-06 7.73181E-06

eext 1.01812E-05 1.01811E-05 1.01867E-05
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2. Test problems The Saltzman Problem

The Saltzman Problem

x
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

x
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Computational domain
Ω(0) = [0; 1]× [0; 0.1]

Piston velocity
vp = (1, 0)

Mesh size
100× 10

IC:
ρ0 = 1, v0 = 0, e0 = 10−4

Analytical solution

Left state Right state

ρ 1.0 1.0
u 1.0 -1.0
v 0.0 0.0
p 6.67 · 10−5 6.67 · 10−5

final time: tf = 0.6
shifting: d = up · tf
final shock location: x = 0.8
exact density: ρe = 4.0
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2. Test problems The Saltzman Problem

The Saltzman Problem

Saltzman Test
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2. Test problems The Saltzman Problem

The Saltzman Problem
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3rd order numerical results of density and velocity for the Saltzman problem.
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2. Test problems The ideal MHD equations

The ideal MHD equations2

Qt + fx + gy = S(x , y , t)

with
Q = (ρ, ρvx , ρvy , ρE ,Bx ,By ,Ψ)T , S = 0,

f =




ρvx
ρvxvx + ptot − BxBx

4π

ρvyvx − ByBx

4π

(ρE + ptot) vx − Bx (v·B)
4π

Bxvx − vxBx + Ψ
Byvx − vyBx

c2
hBx




, g =




ρvy
ρvxvy − BxBy

4π

ρvyvy + ptot − ByBy

4π

(ρE + ptot) vy − By (v·B)
4π

Bxvy − vxBy

Byvy − vyBy + Ψ
c2
hBy




,

p = (γ − 1)

(
ρE − 1

2
ρ(v 2

x + v 2
y )−

(B2
x + B2

y )

8π

)
.

2divergence cleaning approach is used [Dedner et al., JCP 2002].
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2. Test problems The ideal MHD equations

Convergence studies: MHD Vortex

IC: (ρ, vx , vy , p,Bx ,By ,Ψ) = (1, 1 + δvx , 1 + δvy , 1 + δp, δBx , δBy , 0)




δvx
δvy
δp
δBx

δBy




=




ε
2π e

1
2

(1−r2)(5− y)
ε

2π e
1
2

(1−r2)(x − 5)
1

8π

( µ
2π

)2
(1− r2)e(1−r2) − 1

2

(
ε

2π

)2
e(1−r2)

µ
2π e

1
2

(1−r2)(5− y)
µ

2π e
1
2

(1−r2)(x − 5)



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2. Test problems The ideal MHD equations

Convergence studies: MHD Vortex

x

0

2

4

6

8

10

y

0

2

4

6

8

10

p

0.988

0.99

0.992

0.994

0.996

0.998

1

p: 0.988 0.991 0.994 0.997 x

y

0 2 4 6 8 10 12 14 16
0

2

4

6

8

10

12

14

Computational domain
Ω(0) = [0; 10]× [0; 10]

Convective velocity
vc = (1, 1)

Parameters

r 2 = (x − 5)2 + (y − 5)2 radius

ε = 1 vortex strength

µ =
√

4π

γ =
5

3
ratio of specific heat
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2. Test problems The ideal MHD equations

Convergence studies: MHD Vortex

NScs NSm NSb
h(Ω(tf )) εL2

O(L2) εL2
O(L2) εL2

O(L2)

O1
3.26E-01 2.7330E-03 - 2.7059E-03 - 2.7381E-03 -
2.37E-01 2.0111E-03 0.96 2.0173E-03 0.90 2.0173E-03 0.93
1.64E-01 1.3081E-03 1.17 1.3055E-03 1.20 1.3113E-03 1.20
1.28E-01 9.5497E-04 1.26 9.5150E-04 1.30 9.5617E-04 1.28

O2
3.26E-01 4.8091E-03 - 4.7707E-03 - 5.5971E-03 -
2.35E-01 2.8382E-03 1.61 2.8571E-03 1.58 2.7874E-03 2.13
1.64E-01 1.4212E-03 1.91 1.4239E-03 1.88 1.3789E-03 1.94
1.28E-01 6.4686E-04 3.24 6.4610E-04 3.26 7.2141E-04 2.67

O3
3.25E-01 1.1417E-03 - 1.1376E-03 - 1.1265E-03 -
2.36E-01 1.8935E-04 5.57 1.8930E-04 5.56 1.8632E-04 5.56
1.63E-01 7.1734E-05 2.65 7.1740E-05 2.65 7.1912E-05 2.60
1.28E-01 3.1651E-05 3.38 3.1653E-05 3.38 3.1738E-05 3.38

O4
3.26E-01 2.4858E-04 - 2.4864E-04 - 2.4472E-04 -
2.35E-01 7.9871E-05 3.50 7.9875E-05 3.50 7.9884E-05 3.45
1.63E-01 2.1790E-05 3.55 2.1791E-05 3.55 2.1795E-05 3.55
1.28E-01 8.2013E-06 4.03 8.2014E-06 4.03 8.1998E-06 4.03

O5
3.26E-01 1.2010E-04 - 1.2010E-04 - 1.1992E-04 -
2.35E-01 2.7365E-05 4.56 2.7359E-05 4.56 2.7327E-05 4.56
1.63E-01 4.8779E-06 4.71 4.8778E-06 4.71 4.8898E-06 4.70
1.28E-01 1.3947E-06 5.17 1.3947E-06 5.17 1.3935E-06 5.18
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2. Test problems The MHD Blast Problem

The ideal MHD Blast Problem

IC: (ρ, vx , vy , p,Bx ,By ,Ψ) = (1, 0, 0, p∗, 70, 0, 0)

p∗ =

{
0 r > r0
1000 r ≤ r0

r0 = 0.1

Computational domain
Ω(0) = Ω(r , φ) =

[
1
2 , 2π

]

tf = 0.001

x

y

­0.6 ­0.5 ­0.4 ­0.3 ­0.2 ­0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
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­0.1

0
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0.3

0.4

0.5

p
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800

750

700
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600

550

500

450

400
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100

50
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2. Test problems The MHD Blast Problem

The ideal MHD Blast Problem
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V
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­0.5

­0.4
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­0.2

­0.1

0

0.1
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0.4

0.5

B
2
/8π
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2. Test problems The MHD Blast Problem

The ideal MHD Blast Problem
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Mesh configurations for the Blast problem at time t = 0.0004 without (left) and
with (right) rezoning.
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2. Test problems The MHD Rotor Problem

The ideal MHD Rotor Problem

IC: [ρ, vx , vy , p,Bx ,By ,Ψ] Ω(0) = Ω(r , φ) =
[

1
2 , 2π

]
tf = 0.25

IC =


[1, 0, 0, 1, 2.5, 0, 0] r > r1[

τ,−τ
(
y
r

)
, τ
(
x
r

)
, 2.5 · τ, 0, 0

]
r0 < r ≤ r1[

10,−
(

r
r0

) (
y
r

)
,
(

r
r0

) (
x
r

)
, 1, 2.5, 0, 0

]
r ≤ r0

τ =
1− (r − r0)

r1 − r0
, r0 = 0.1, r1 = 0.125.
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­0.6

­0.5

­0.4

­0.3

­0.2

­0.1

0

0.1

0.2

0.3

0.4

0.5
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2. Test problems The MHD Rotor Problem
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3. Conclusions and Outlook

Conclusions and Outlook

Conclusions

we showed high order ALE WENO FV schemes;

three different node solvers have been used;

for the first time MHD equations have been treated with the ALE
WENO FV method.

Outlook

extension of the algorithm to the 3D case;

usage of the multidimensional node solver NSb also in the flux
evaluation.
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Thank you!
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3. Conclusions and Outlook

The Baer-Nunziato model

∂
∂t

(φ1ρ1) +∇ · (φ1ρ1u1) = 0

∂
∂t

(φ1ρ1u1) +∇ · (φ1ρ1u1u1) +∇φ1p1 = pI∇φ1 − λ (u1 − u2)

∂
∂t

(φ1ρ1E1) +∇ · ((φ1ρ1E1 + φ1p1) u1) = −pI∂tφ1 − λ uI · (u1 − u2)

∂
∂t

(φ2ρ2) +∇ · (φ2ρ2u2) = 0

∂
∂t

(φ2ρ2u2) +∇ · (φ2ρ2u2u2) +∇φ2p2 = pI∇φ2 − λ (u2 − u1)

∂
∂t

(φ2ρ2E2) +∇ · ((φ2ρ2E2 + φ2p2) u2) = pI∂tφ1 − λ uI · (u2 − u1)

∂
∂t
φ1 + uI∇φ1 = ν(p1 − p2)


The system is closed by the stiffened gas EOS for each phase

ek =
pk + γkπk

ρk(γk − 1)
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3. Conclusions and Outlook

The Baer-Nunziato model

Definitions

k → phase
φk → volume fraction of phase k
uk → velocity vector of phase k
subscripts 1 → solid phase
subscripts 2 → gas phase
subscripts I → interface
ek → internal energy
Ek = ek + 1

2 uk
2 → specific total energy of phase k

Assumptions

φ1 + φ2 = 1 volume fractions must sum to the unity
uI = u1 interface velocity is the solid phase velocity
pI = p2 interface pressure is the gas phase pressure

Walter Boscheri On Lagrangian One–Step Finite Volume Schemes 20 / 21



3. Conclusions and Outlook

Cylindrical Explosion Problems

Ω

R
x

y

−1 1

1

Qi

Qo

Q(x, 0) =

{
Qi , if |x| < 0.5,
Qo , else.

ρs us ps ρg ug pg φs te
EP1 γs = 1.4, πs = 0, γg = 1.4, πg = 0
Qi 1.0 0.0 1.0 0.5 0.0 1.0 0.4 0.10
Qo 2.0 0.0 2.0 1.5 0.0 2.0 0.8

EP2 γs = 3.0, πs = 100, γg = 1.4, πg = 0
Qi 800.0 0.0 500.0 1.5 0.0 2.0 0.4 0.10
Qo 1000.0 0.0 600.0 1.0 0.0 1.0 0.3

EP3 γs = 1.4, πs = 0, γg = 1.4, πg = 0
Qi 1.0 0.9 2.5 1.0 0.0 1.0 0.9 0.10
Qo 1.0 0.0 1.0 1.2 1.0 2.0 0.2
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3. Conclusions and Outlook

Cylindrical Explosion Problems

EP1 → t = 0.15
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3. Conclusions and Outlook

Cylindrical Explosion Problems

EP2 → t = 0.15
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3. Conclusions and Outlook

Cylindrical Explosion Problems

EP3 → t = 0.15
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